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Abstract
We study the dynamics of microscopic quantum correlations, viz., bipartite entanglement and quantum discord between
nearest neighbor sites, in Ising spin chain with a periodically varying external magnetic field along the transverse
direction. Quantum correlations exhibit periodic revivals with the driving cycles in the finite-size chain. The time of
first revival is proportional to the system size and is inversely proportional to the maximum group velocity of Floquet
quasi-particles. On the other hand, the local quantum correlations in the infinite chain may get saturated to non-zero
values after a sufficiently large number of driving cycles. Moreover, we investigate the convergence of local density
matrices, from which the quantum correlations under study originate, towards the final steady-state density matrices
as a function of driving cycles. We find that the geometric distance, d, between the reduced density matrices of non-
equilibrium state and steady-state obeys a power-law scaling of the form d ∼ n−B, where n is the number of driving
cycles and B is the scaling exponent. The steady-state quantum correlations are studied as a function of time period
of the driving field and are marked by the presence of prominent peaks in frequency domain. The steady-state features
can be further understood by probing band structures of Floquet Hamiltonian and purity of the bipartite state between
nearest neighbor sites. Finally, we compare the steady-state values of the local quantum correlations with that of the
canonical Gibbs ensemble and infer about their canonical ergodic properties. Moreover, we identify generic features in
the ergodic properties depending upon the quantum phases of the initial state and the pathway of repeated driving that
may be within the same quantum phase or across two different equilibrium phases.
1. Introduction
Entanglement [1], in particular, and quantum corre-
lations [2], in general, have continued to gain enormous
amount of interests due to their numerous applications in
quantum information theory [3] and many-body physics
[4]. Quantum correlations are key resources for various
quantum information processing tasks [5] and communi-
cation protocols [6] in many-body systems. They pro-
vide new insights about the cooperative phenomena in
many-body systems such as quantum phases, e.g. in the
context of symmetry breaking phases [7] and topological
phases [8]. Particularly, quantum criticality and related
aspects have been investigated in great detail using various
tools borrowed from quantum information theory [9, 10].
Moreover, recent experimental advances have successfully
demonstrated effective manipulation of quantum correla-
tions in several physical substrates [11, 12, 13, 14, 15].
Dynamics of closed many-body quantum systems has
been a subject of intense research in recent years. Study
of isolated systems out-of-equilibrium brings new possi-
bilities for exploring physical phenomena, which are, un-
derstandably, not within the reach of equilibrium statis-
tical mechanics, and at the same time, provides a unique
way of perceiving the emergence of equilibrium statisti-
cal properties [16, 17]. Quenching one or several param-
eters of a many-body system happens to be a common
strategy for exploring non-equilibrium dynamics [18, 19,
20, 21, 22, 23, 24]. Ideas originating from quantum infor-
mation have been incorporated in order to study a wide
range of topics in the context of dynamics of closed quan-
tum systems, such as revival and collapse phenomena of
entanglement [25], Kibble-Zurek mechanism [26], thermal-
ization, many-body localization [27], and decoherence of a
qubit attached to a spin chain [28]. A widely studied fun-
damental topic is ergodicity of local quantities that relates
the relaxation of the local properties of the many-body
systems to their corresponding equilibrium values [29, 30].
Time evolution of the microscopic quantum correlations
under sudden quenching and their ergodic properties have
been addressed in various spin systems [22, 31, 32, 33].
Periodically disturbing a few parameters of an underly-
ing Hamiltonian provides an interesting route for monitor-
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ing the out-of-equilibrium dynamics in multiples of driving-
period [33, 34]. Such evolution, which is called stroboscopic
dynamics, has attracted vast interests in recent years as it
offers a possibility of generating an effective Hamiltonian
whose properties might be different from the initial Hamil-
tonian [34, 35, 36, 37, 38]. Generation and relaxation of
entanglement entropy towards a steady state have been
studied in the periodically driven integrable spin models
[39, 40, 41]. An interesting observation of these works
is that the entanglement entropy in the long-time steady
state does not attain values corresponding to the infinite
temperature state and hence contradicts the common per-
ception of heating-up associated with the repeated dis-
turbance [42]. Recently, quantum critical scaling under
periodic driving in spin systems has been studied [43, 44].
An important motivation for renewed interests in in-
tegrable models, such as quantum spin chains, is due to
their experimental pertinence in present time. Experi-
ments with ultracold atoms trapped in optical lattice have
entered a very advanced state. Near-perfect isolation from
its environment and precise control over the trapping ge-
ometries and the inter-atomic interaction strengths have
established cold-atom systems as an ideal platform for
studying quantum phenomena in numerous many-body
systems [12, 13]. Moreover, there are several other promis-
ing physical substrates, where many-body dynamics can be
investigated in a controlled manner [14, 15, 45, 46]. Partic-
ularly, in recent times there have been considerable efforts
for realizing periodically driven many-body systems in ex-
periments [47]. Considering both experimental and theo-
retical importance, we investigate the dynamics of quan-
tum correlations in the periodically driven quantum Ising
spin chain, which represents a paradigmatic example of
integrable system.
In this paper, we study the dynamics of microscopic
quantum correlations, i.e., the quantum correlation be-
tween two nearest neighbor sites measured by concurrence
and quantum discord, in a periodically varying transverse
field Ising model. More specifically, starting from a close
to the zero-temperature initial state, the evolution is gen-
erated by repeated application of the unitary operator to
reach at the desired time, t = nτ . Here n denotes the
number of applied pulses and τ is the time-period between
successive pulses. We first consider the finite-size chain
and observe that the quantum correlations show periodic
revivals with respect to the driving cycles, n. A further
examination of the time of first revival, Tr, reveals that it
occurs at time Tr ≈
N
Max[|vg |]
, where N is the linear sys-
tem size and vg is the quasi-particle group velocity. The
evolution, here, is governed by the Floquet Hamiltonian,
and the quasi-particle generated in the dynamics are in-
terpreted as Floquet quasi-particles [41]. Here we try to
extend the analysis of the revivals of quantum correlation
beyond sudden quenching as reported in Ref. [33].
Next, we consider the Ising model in the thermody-
namic limit and study the relaxation of the bipartite quan-
tum correlations between two nearest neighbor sites as a
function of n for different choices of driving frequencies,
ω = 2π/τ . We find that both the concurrence and the
quantum discord tend to saturate to steady-state values
after a sufficient number of driving cycles. We also cal-
culate the distance, d, between the density matrix after
n driving cycles and the density matrix corresponding to
the steady state obtained by taking the asymptotic limit
n → ∞. The distance, which goes to zero in the asymp-
totic limit, obeys power law scaling of the form d ∼ n−B
with respect to n. The fitted data shows that d goes to
zero with scaling exponent B = 1.5 for τ < 2 and B = 0.5
for τ > 2.
Next, for various choices of initial states, we investigate
steady-state (n → ∞) quantum correlations and study
their variations as a function of τ . The steady state quan-
tum correlations are characterized by the presence of sharp
peaks or kinks, which can be further understood by prob-
ing the band structures of the Floquet Hamiltonian, Hk,F .
Since the local quantum correlations in the long-time
steady-state may survive with finite values, it is interest-
ing to check if the final steady-state value corresponds to a
canonical Gibbs ensemble. If such canonical Gibbs states
exist, the quantity is termed as canonical ergodic. We
consider two distinct cases depending on the choice of the
driving pathway – (i) repeated driving across the critical
point, and (ii) repeated driving within a single phase. For
case (i), when the initial state is chosen from the ordered
phase, the quantum correlations always remain ergodic.
On the contrary, and more interestingly, the quantum cor-
relations may undergo ergodic to non-ergodic transitions in
the frequency domain if the system is initialized in the dis-
ordered phase. For case (ii), we find situations, where the
concurrence exhibits completely different ergodic behavior
than the quantum discord. For such cases, although the
quantum discord is characterized by ergodic to non-ergodic
transitions in the frequency domain, the concurrence al-
ways remains ergodic when the driving is within the dis-
ordered phase. We emphasize here that the above results
on the canonical ergodicity under periodic driving show
rich phenomena as compared to the previously observed
results under single sudden quenching in the XY model
[22]. For example, in the previous literature, quantum en-
tanglement has been observed to be ergodic. However,
non-ergodic to ergodic transition was noticed in quantum
discord [22]. We find that entanglement can also exhibit
non-ergodic to ergodic transition in the frequency domain
depending on the phase of the initial Hamiltonian and the
driving frequency.
The paper is organized as follows: Section 2 introduces
the spin model under study and the driving protocol em-
ployed in this work. Section 3 discusses about the revivals
of the entanglement in the finite-size Ising model under
periodic driving. Section 4 examines relaxation of the bi-
partite quantum correlations as a function of driving cycles
n in the thermodynamic limit. The results for the steady-
state quantum correlations as a function of the time period
2
of the driving protocol are analyzed in Sec. 5. Section 6 in-
vestigates ergodic properties of the quantities under study.
Finally, Sec. 7 concludes and renders future perspectives.
Appendices A, B, and C provide the definition of the time-
dependent bipartite density matrix, the details of Floquet
Hamiltonian, the derivations of time-evolved correlation
functions, and the definitions of the quantum correlation
measures considered in this work.
2. The Model
In this paper, we consider one-dimensional Ising model
in presence of a squared pulse transverse magnetic field.
For academic interest, we sketch out the methodology for
evaluating the time-evolved density matrices in Appendix
A for generalized scenarios with quantumXY model, whose
Hamiltonian is given by
H(t) =
N∑
i=1
J
4
[
(1 + γ)σxi σ
x
i+1 + (1− γ)σ
y
i σ
y
i+1
]
−
1
2
∑
i
h(t)σzi , (1)
where J is pairwise coupling strength between nearest-
neighbor spins, h(t) is a time-dependent external trans-
verse magnetic field, γ is the anisotropy parameter, and
σxi , σ
y
i , σ
z
i are the Pauli’s spin matrices at the i
th site.
Ising model corresponds to the case when γ = 1. The
periodic boundary condition, i.e., σN+1 = σ1, is consid-
ered. In time-independent case, the above model under-
goes a quantum phase transition at λ = 1, where λ = h/J .
For λ > 1, the system is in paramagnetic or disordered
phase and for λ < 1, the system is in antiferromagnetic
or ordered phase. The quantum criticality of the model
has been widely studied via various approaches [7, 48].
We consider a non-equilibrium scenario, where the system
is driven periodically by introducing the time-dependent
transverse magnetic field. This magnetic field is taken in
the form of a square-pulse, such as h(t) = a for t ≤ 0 and
for t > 0
h(t) =
{
a if (n− 1)τ ≤ t ≤ (n− 12 )τ ;
b if (n− 12 )τ ≤ t ≤ nτ.
(2)
Here τ(> 0) is the time period between two successive
pulses.
The Hamiltonian in Eq. (1) is exactly solvable even in
the case of periodic driving. The details are presented in
Appendix B. The important operator in the Floquet for-
malism is the evolution operator, U(τ, a, b), over a period
τ . For the many-body quantum system under considera-
tion, U(τ, a, b) = ⊗kUk(τ, a, b) and the evolved state can
be obtained as ρk(nτ) = [Uk(τ, a, b)]
n
ρk(0)
[
U †k(τ, a, b)
]n
.
Here the initial state, denoted as ρk(0), is a thermal equi-
librium state at t = 0 and the unitary operator for the kth
subspace is given by
Uk(τ, a, b) = exp[−iHk,F τ ]. (3)
Here Hk,F is the Floquet Hamiltonian of the k
th subspace.
From the time dependent density matrix, ρk(nτ), one can
calculate the reduced density matrix between two-sites,
ρi,j(n), as a function of driving cycles, n, in real space
(defined in Appendix A), which can further be expressed
in terms of the two-point correlation functions derived in
Appendix B. From the two-site reduced density matrix
the local quantities under study, such as concurrence and
quantum discord, are calculated. The variation of these
quantities are examined with respect to time. At this
point, we would like to mention that when the time pe-
riod τ of the driving protocol is small, i.e., the driving fre-
quency is large, the time-evolution under periodic driving
at the stroboscopic time and the one with single sudden
quenching can be thought of representing equivalent dy-
namics [16]. In this case, the post-quench Hamiltonian can
be obtained by time-averaged Hamiltonian over one cycle
of the periodic drive. However, for an arbitrary driving
period τ , this equivalence does not hold.
3. Finite system entanglement dynamics
In this section, we discuss the evolution of the quantum
correlations in finite-size periodically driven Ising model.
The initial states considered in this work are close to zero-
temperature canonical equilibrium states of the system.
Here we set Jβ = 20, where the temperature T = 1/kBβ
and kB is the Boltzmann constant. In Fig. 1, we show the
dynamics of the concurrence as a function of n for varying
system size. The concurrence starts from its equilibrium
value, and then oscillates around a mean value. The ampli-
tude of the oscillation gradually reduces with an increase
of n. After a finite number of driving cycles, nrev, the con-
currence again starts reviving followed by oscillations with
comparatively larger amplitudes. Such revivals have been
reported in earlier studies with finite size XY spin chain
under sudden quench and time varying magnetic fields
[33, 49, 41]. We find that the revival time, Trev = nrevτ ,
changes with the system size (see Fig. 1). Trev turns out
to be proportional to the system size and inversely pro-
portional to the group velocity, vg = |∂ǫk,F /∂k|, where
ǫk,F is Floquet spectrum (see Appendix B). In Fig. 1(b),
the plot of the Floquet spectrum and the corresponding
group velocity are shown. In Fig. 1(c), we plot the revival
time with respect to the system size. We find that the
revival time follows the scaling Tr ≈ N/(2max(vg)). This
indicates that the revival time corresponds to the quasi-
particles propagating with maximum group velocity.
4. Infinite system entanglement dynamics and steady
states
After analysing the behavior of bipartite quantum cor-
relations in finite-size Ising spin chain, we now consider
them in the thermodynamic limit, N → ∞. In the ther-
modynamic limit, we anticipate saturation of the long-time
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Figure 1: (Color online.) (a) Evolution of concurrence with respect
to driving cycles, n, for various system sizes, N . (b) The black and
the red solid lines show the Floquet spectrum, |ǫk,F |, and the group
velocity, vg = |
∂ǫk,F
∂k
|, respectively. (c) The revival times, Tr, of
concurrence are shown by black circles. The red line denotes the
predicted revival time using Tr ≈ N/(2max(vg)). Here τ = 0.3,
a/J = 1.4 and b/J = 0.0.
quantum correlations beyond certain driving cycles. To
confirm this, we consider the periodic driving protocol on
the external magnetic field (see Sec. II). We study the
temporal behavior of the bipartite quantum correlations
as a function of n and monitor their convergence towards
steady state values at long-time for different choices of τ .
Here, we demonstrate the convergence of quantum cor-
relations towards the steady-state values with driving cy-
cles for system parameters, a/J = 1.4 and b/J = 0 for
0 < τ ≤ 2.0. The dynamics of the system is captured
by the Floquet Hamiltonian, Hk,F , which is obtained by
considering the dynamics at one complete driving period,
τ (see Sec. II and Appendix B).
Figure 2 shows us the relaxations of (a) concurrence
and (b) quantum discord for different values of τ . In
first few cycles, the quantum correlations oscillate with n
and then starts converging towards a steady-state value at
large n. The saturated values depend upon the lengths of
the period τ . It can be seen from Fig. 2 (a) that the entan-
glement saturates to lower values when τ is increased. The
entanglement completely vanishes for Jτ/~ = 1.5. Note
that the survival of entanglement explicitly depends on
the choice of τ , and may again resurrect at τ > 2.0. A de-
tailed analysis of the steady-state properties as a function
of driving frequency has been carried out in the following
section.
Although a similar saturation behavior is observed for
quantum discord (see Fig. 2(b)), unlike entanglement, quan-
tum discord survives with finite value even at Jτ/~ = 1.5.
It is well known by now from several other works with
sudden quenching [22, 24, 25, 31] that quantum discord
is more robust against disturbance in comparison to en-
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Figure 2: (Color online.) (a) Concurrence, C, and (b) quantum
discord, D, as function of driving cycle, n, of square pulsed magnetic
field with a/J = 1.4 and b/J = 0.0 for different choices for τ . The
squares, circles, left-triangle, and up-triangles represent the cases
with Jτ/~=0.3, 0.7, 0.9, and 1.5, respectively. The solid lines serve
as a guide to the eyes. Concurrence and discord are quantified in
units of ebits and bits, respectively.
tanglement, and long-time quantum discord usually sur-
vives even when entanglement vanishes. It is to be noted
that the relaxation of bipartite quantum correlations in
the finite-size XY spin chain has been investigated un-
der sinusoidal external magnetic field [33]. Such form of
the magnetic field, however, makes it hard to access the
analytical form of the steady state.
An intuitive way of understanding the relaxation of
various quantities, obtained from the time evolved density
matrices, is to measure the distance between the density
matrices itself. In quantum information theory, such dis-
tances are often used and their properties have been stud-
ied in various contexts [3]. For our case, we consider trace
distance, d, as a measure of overlap of information between
two-density matrices. The distance d is defined as
d = Tr
√
(∆ρn)†∆ρn, (4)
where ∆ρn = ρ12(n)− ρ12(∞). Here ρ12(n) is the reduced
density matrix of the bipartite state after n driving cycles
and ρ12(∞) is the same in the limit of n→∞. Physically,
Eq. (4) represents the distinguishability between two nor-
malized density matrices. The maximum value, d = 1, de-
fines the maximum distinguishability between two states.
In Fig. 3(a-d), the plot of distance d between the bipartite
reduced density matrix at t =∞ and the reduced density
matrix of the driven system as a function of n is shown.
It is clearly seen from the plots that d approaches zero as
n increases. We also fit the data on power law function:
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Figure 3: (Color online.) Trace distance, d, as function of driving
cycles, n, of square pulsed magnetic field with a/J = 1.4 and b/J =
0.0 for different choices of τ .
d = An−B. The exponent B suggests a qualitative change
in the relaxation of the local quantities at τ = 2. We find
the exponent B is 1.5 for τ < 2 and 0.5 for τ ≥ 2. It
is worth mentioning here that the two possible dynamical
phases depending on fast and slow periodic driving have
been identified in [39] while studying the relaxation pro-
cess of entanglement entropy.
5. Quantum correlations in the long-time steady
states
In this section, we discuss the steady state behavior
of the entanglement and the quantum discord as func-
tion of τ . Figure 4 shows steady-state entanglement (see
Fig. 4(a)) and quantum discord (see Fig. 4(b)) as a func-
tion of the driving period for a particular case of squared
pulse field with a/J = 1.4 and b/J = 0. Noticeably, re-
peated disturbance may not heat up the system indefi-
nitely. Hence, the local quantum correlations present in
the system may not be completely destroyed. There exist
ranges of τ , where the system possesses non-zero quantum
correlations in the asymptotic limit. In fact, for the ranges
of τ , where the bipartite entanglement vanishes, the quan-
tum discord survives with small but finite values.
Long-time steady-state quantum correlations show an
oscillatory pattern in the frequency domain. They are
characterized by the presence of sharp peaks. In low fre-
quency domain, the peaks appear to be equispaced. Our
numerical data suggests that the peaks in the steady-state
correlations may be a consequence of Floquet band cross-
ing. Figure 4(c-f) displays representative cases. Floquet
spectrum, ǫk,F , in momentum space, k, for Jτ/~ = 6.5,
10, 20 and 25. It can be seen from Fig. 4(a) and Fig. 4(b)
that Jτ/~ ≈ 6.5 and Jτ/~ ≈ 25 correspond to the kinks
in quantum correlations, whereas Jτ/~ = 10 corresponds
to vanishing entanglement and minimum of quantum dis-
cord. For Jτ/~ = 20, entanglement is zero but discord
is finite valued (slightly higher than the minimum value).
From Figs. 4(c) and 4(f), it is perceptible that the peaks in
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Figure 4: (Color online.) Steady state quantum correlations and
Floquet spectrum for a/J = 1.4 and b/J = 0.0. (a) Steady-state
concurrence, Cs, as a function of τ . (b) Steady-state quantum dis-
cord, Ds, as a function of τ . (c-f) Floquet spectrum, ǫk,F , as a
function of k for Jτ/~ = (c) 6.5, (d) 10, (e) 20 and (f) 25.
quantum correlations are a consequence of Floquet band
crossings. Quantum correlations assume minimum values
for maximum energy gaps. We would like to mention here
that appearance of the kinks in the frequency domain and
their connection with Floquet band crossings has been re-
ported earlier in context of block entropy of the periodi-
cally driven systems [39].
We further analyzed these peaks in terms of the purity
of the bipartite state ρAB(n→∞). It is worth mentioning
that the state of the system at any time t = nτ can be ex-
pressed in terms of basis which are eigenvectors of Uk(nτ).
We note that two eigenvectors of Uk(nτ) become identical
at the Floquet band crossing, implying reduced mixedness
(or enhanced purity) of the state. A peak in the quantum
correlation is a consequence of the same.
6. Relaxation of quantum correlations under peri-
odic driving
In the previous section, we discussed the behavior of
the quantum correlations in the state at asymptotic limit
(n → ∞). It would, therefore, be interesting to ask if the
values of the evolved quantities correspond to the ones be-
longing to canonical thermal equilibrium states. In this
section, we first describe the corresponding equilibrium
state and the related notion of canonical ergodicity.
6.1. Steady states and canonical ergodicity
We consider that the spin chain is initially subjected
to an external magnetic field a, and is in thermal equi-
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Figure 5: (Color online.) Periodic driving across phase transition
– disordered to ordered phase. (a-b) Canonical equilibrium and
steady-state quantum correlations for a/J = 1.4 and b/J = 0.0. (a)
The solid line shows nearest-neighbor concurrence, C, of the canon-
ical equilibrium state as a function of inverse temperature, β. The
dashed, dash-dash-dotted, and dotted horizontal lines represent the
steady-state concurrence for Jτ/~ = 0.1, 0.8 and 1.0, respectively.
(b) The solid line shows nearest-neighbor quantum discord, D, of the
canonical equilibrium state as a function of inverse temperature, β.
The dashed, dash-dot-dotted, and dot-dash-dashed horizontal lines
represent the steady-state quantum discord for Jτ/~ = 0.1, 1.4, and
1.6, respectively. In the inset, the solid line shows ergodicity score
of quantum discord, ηDs , as a function of τ . (c-d) Ergodicity score of
quantum correlations for the same set of parameters a and b. (c) and
(d), respectively, show ergodicity score of concurrence and quantum
discord.
librium at temperature T for t ≤ 0. The initial state,
ρeq(β, a), is given by exp[−βH(a)], where β = 1/(kBT )
is the inverse of the absolute temperature T . The time
evolved state, ρ(β, a, b, t), at any time, t > 0, is given
by U †(a, b, t)ρeq(β, a)U(a, b, t). In the following, we dis-
cuss the ergodic properties within the notion of canonical
equilibration, which we refer to as ‘canonical ergodicity’.
Within this description, the ergodic properties of the sys-
tem are inferred by comparing the time-evolved state at
large time with the canonical equilibrium states [32, 48].
Note that ergodicity within generalized Gibbs ensemble
[50], which is constructed by taking into account the con-
served quantities, is not considered in this work.
In order to construct a family of canonical equilib-
rium states suitable for describing the canonical ergod-
icity in periodic driving cases, we consider average Hamil-
tonian over one complete driving period [33], say H¯ ≡
1
τ
∫ τ
0
H(t)dt, and assemble the set of canonical equilib-
rium states parametrized by β˜ for all t > 0 as ρG(β˜, h¯0) =
exp[−β˜H(h¯0)], where β˜ = 1/(kBT˜ ) is the inverse temper-
ature of the possible canonical equilibrium state and h¯0 is
the average magnetic field over a period τ (See Eq. (2)). A
quantity is termed ergodic, if the steady state value of the
quantity, QS(β, a, b, τ), approaches the ensemble average,
QG(β˜, h¯0), i.e.,
Tr[ρ(β, a, b, τ, n→∞)Qˆ] ≈ Tr[ρG(β˜, h¯0)Qˆ]. (5)
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Figure 6: (Color online.) Periodic driving across phase transition –
ordered to disordered phase. a/J = 0.0 and b/J = 1.4. The solid
line shows canonical equilibrium quantum discord, D. In the inset,
the solid line shows steady-state quantum discord, DS , with respect
to τ for the same set of parameters.
Alternatively, the value of a given observable in the steady-
state limit simply mimics that of an equilibrium canonical
ensemble at a given effective temperature β˜, which does
depend on the observable.
If a local quantity does not satisfy Eq. (5), it is called
non-ergodic. As we discuss below in the subsequent sec-
tions, the local quantum correlations may undergo ergodic
to non-ergodic transitions. In order to monitor such tran-
sitions in a systematic manner, we use so called ergodicity
score [22], which indicates the quantity’s departure from
ergodicity. The ergodicity score, ηQS , is defined as
ηQS = max
[
0,QS(β, a, b, τ)−maxQG(β˜, h¯0)
]
. (6)
We search for all β˜ and choose the particular one for which
QG(β˜, h¯0) attains maximum possible value for the given
set of system parameters a, b. This sets up an upper bound
on the equilibrium value of QG(β˜, h¯0) as a function of β˜.
This value is then compared with the corresponding steady
state value of QS(β, a, b, τ). Alternatively speaking, the
difference between QS and QG is minimized. A non-zero
(vanishing) ergodicity score signals non-ergodic (ergodic)
behavior of Q.
In the following sections, we look into possible situ-
ations that arise depending on the initial state and the
choice of driving pathway.
6.2. Periodic driving across critical point.
Let us first look at the situation when the system is ini-
tiated in the disordered phase, and at each cycle, the driv-
ing Hamiltonian leads the system to a final state, which
would correspond to the ordered phase of the system at
equilibrium. For this case, let us use the parameters from
the previous section, a/J = 1.4 and b/J = 0, which ev-
idently belong to the case of repeated quenching of the
system from disordered to ordered phase. The long-time
steady-state values of bipartite entanglement and quantum
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discord for these chosen set of parameters have already
been studied in Fig. 2.
Now, let us consider the cases for which Jτ/~ ≤ 2. In
Fig. 5(a), the red solid line shows the bipartite entangle-
ment in the canonical equilibrium state, as a function of
inverse temperature β. The canonical equilibrium state
is the one that correspond to the average magnetic field
h¯0, i.e. ρG(β, h¯0). It is clear from the figure that at high
temperature, i.e. at small β, the bipartite entanglement
completely vanishes. However, below certain temperature,
Jβ ≈ 2.2, the system possesses finite amount of entangle-
ment. At low-temperature (Jβ ≥ 10), the entanglement
saturates to a value close to 0.07 ebits as the system ap-
proaches zero-temperature state. In order to find if the
entanglement of the periodically driven system reaches to
a state that corresponds to the canonical equilibrium state,
we plot the entanglement of the long-time steady-state in
the same figure. The steady-state values for varied τ are
shown by horizontal lines in Fig. 5(a). We observe that the
steady-state entanglement for all τ intersect the canonical
entanglement at different temperatures, implying that en-
tanglement is always ergodic in the frequency domain for
this case.
It is important to extend the analysis to information-
theoretic quantum correlation measures, such as quantum
discord, in order to encompass a more complete picture
about the time-evolved density matrix. The definition of
quantum discord is provided in Appendix C. The red solid
line in Fig. 5(b) shows behavior of the quantum discord in
the canonical equilibrium state as a function of β. Quan-
tum discord, unlike entanglement, shows monotonic be-
havior with respect to β. It increases with decreasing sys-
tem temperature and saturates at low enough temperature
(Jβ ≥ 10). The steady state values of quantum discord for
different τ are again shown by horizontal lines in the same
plot. We find that for higher values of τ , the steady-state
quantum discord intersect the canonical equilibrium quan-
tum discord curve at different temperature. However, sur-
prisingly, below certain critical time-period, τ ≤ τc, there
is no intersection, implying ergodic to non-ergodic transi-
tion of quantum discord in the frequency domain. For this
case, we find Jτc/~ ≈ 1.5. For clarity and an estimation
of the degree to which the physical quantities under study
is possibly non-ergodic, we calculate the ergodicity scores
(see Eq. (6)) both for entanglement, ηCS , and quantum dis-
cord, ηDS . In the inset of Fig. 5(b), we show η
D
S as function
of τ . ηDS is finite valued for Jτ/~ ≤ 1.5, beyond which it
becomes zero. Ergodicity score for entanglement is zero
throughout the range of τ .
However, the ergodic to non-ergodic transition in fre-
quency domain is not unique to quantum discord. This be-
comes evident when the system is driven repeatedly with
larger time-period. In fact, this information can be ex-
tracted from the steady-state values and canonical equi-
librium values available in Figs. 4(a-b) and 5(a-b). The
ergodicity scores for concurrence and quantum discord for
this case are shown in Figs. 5(c) and 5(d). The positive
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Figure 7: (Color online.) Periodic driving within same phase. (a-
b) Periodic driving within the ordered phase with a/J = 0.8 and
b/J = 0. (a) and (b) shows quantum discord, D, and ergodicity
score of quantum discord, ηD
S
, respectively, as a function of τ . (c-d)
Periodic driving within the disordered phase with a/J = 2.4 and
b/J = 1.2. Canonical equilibrium and steady-state concurrence is
shown in (c). The same for quantum discord is shown in (d). In (c-d),
the solid lines represent the equilibrium values. In (c), the horizontal
dashed, dash-dotted and dotted lines show steady-state values for
Jτ/~ = 0.1, 1.4 and 2.0, respectively. In (d), the horizontal dashed,
dash-dotted, dotted, dash-dash-dotted and dash-dotted-dotted lines
show steady-state values for Jτ/~ = 0.1, 1.4, 2, 3, and 4, respectively.
values of the ergodicity scores indicate that both entangle-
ment and quantum discord become non-ergodic for that
value of τ .
To find out if these features are generic, we perform
similar analysis by initiating the system in the disordered
phase but with different magnetic fields (a/J > 1) and
setting b in the ordered phase (0 < b/J < 1). We observe
that for a given a, the quantum correlations undergo er-
godic to non-ergodic transition if b < bc, beyond which
both kinds of quantum correlations become ergodic irre-
spective of the driving frequency. For the case discussed
above with a/J = 1.4, we find bc/J ≈ 0.8. bc decreases
with increasing a. When initial states are chosen from
deep disordered phase, bc → 0, both entanglement and
quantum discord become ergodic for any b and τ .
Let us now consider another possible scenario, where
the system is driven from the ordered phase to the disor-
dered phase at each driving cycle. The steady-state en-
tanglement does not survive under this driving scheme. In
fact, entanglement vanishes only after few cycles and stays
so for any n > 0. As a result, entanglement is trivially
ergodic within this driving scheme. However, long-time
steady-state quantum discord, as we may expect by now,
survives, albeit with small value. Figure 6 shows an exam-
ple for quantum discord with a/J = 0 and b/J = 1.4 for
canonical equilibrium state as a function of β. The inset of
Fig. 6 shows steady-state quantum discord as a function of
τ . It is easy to infer from the figure that steady-state val-
ues always correspond to certain thermal equilibrium state
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throughout the entire range of τ . Hence, along with en-
tanglement, quantum discord is also ergodic for this case.
Similar analysis is performed for arbitrary choices of a and
b within this driving scheme. We find that both kinds of
quantum correlations always remain ergodic.
6.3. Periodic driving within same phase.
Finally, we discuss the system’s response if repeated
driving is conducted within the same phase. Let us first
discuss the phenomenon when repeated driving is imple-
mented within the ordered phase. For demonstration, a
specific example is presented here with a/J = 0.8 and
b/J = 0. Here, ergodic to non-ergodic transition is no-
ticed in both kinds of quantum correlations (Figs. 7(a-
b)). We investigate additional cases within this driving
strategy, where time evolution starts from the same ini-
tial state (a/J = 0.8) at t = 0, and steady-state quantum
correlations are studied by changing b. We find such tran-
sitions are not noticed when 0.8 < b/J < 1 as both concur-
rence and quantum discord becomes ergodic in the entire
frequency range. Moreover, we find that irrespective of
the initial states, quantum correlations behave ergodically
whenever the system is driven close to the phase transition
point.
Surprisingly, quantum correlation from entanglement-
separability paradigm and information-theoretic ones may
not behave coherently when repeated driving is simulated
within the disordered phase. In this case, although, con-
currence always stays ergodic for arbitrary choices of a
and b, there may exist specific frequency windows, where
quantum discord becomes non-ergodic, i.e., ergodic to non-
ergodic transitions occur in frequency domain. Figure 7
exhibits one such case with a/J = 2.4 and b/J = 1.2 for
steady-state (c) entanglement and (d) quantum discord.
However, although we always find a canonical equilibrium
state that would correspond to the long-time steady-state
concurrence for any given τ (cases for few specific choices
of τ are shown by horizontal lines in Fig. 7(c)), the same
is not true for quantum discord.
7. Conclusion
In this work, we have investigated the behavior of mi-
croscopic quantum correlations, viz., bipartite entangle-
ment and quantum discord, in a periodically driven Ising
chain. Our finite-size analysis shows that the periodically
driven quantum correlations exhibit periodic-revivals af-
ter a regular interval of driving cycles, n. The number
of cycles (or time), after which such revival first occurs,
can be predicted from the Floquet quasi-particles picture
and can be computed from the knowledge of Floquet spec-
trum alone. In infinite Ising chain, starting from an ini-
tial thermal equilibrium state, we observe that both en-
tanglement and quantum discord eventually saturate after
sufficient number of driving cycles. As may be expected,
the required number of driving cycles for reaching satura-
tion increases with increasing driving frequencies. Further
understanding on dynamical relaxations are obtained by
examining the trace distance between local density ma-
trices of the driven system and the steady-state density
matrix. The scaling of the distance measure d shows a
power law behavior, d = An−B, with respect to the driv-
ing cycles n. The exponent B, which turns out to be 1.5
or 0.5 depending upon the fast or slow periodic driving,
indicates a qualitative change in the relaxation processes
of the local quantities under study at τ = 2. Next, we
study the steady-state quantum correlations with respect
to τ . Long-time steady-state quantum correlations are
characterized by the presence of prominent peaks in the
frequency domain. Moreover, equipped by numerical evi-
dences, we suggest a possible connection between the peaks
and Floquet band crossings.
Finally, we examine the canonical ergodicity of the
quantum correlations under periodic driving. We find that
the canonical ergodic properties of the quantum correla-
tions crucially depend upon the quantum phase the ini-
tial state is chosen from, and the pathway of repeated
driving. Particularly, within a repeated driving scheme
via a square pulsed field, when an initial state is chosen
from the disordered phase and the final field corresponds
to the ordered phase, quantum correlations may display
(canonical) ergodic to (canonical) non-ergodic transitions
of the observables in the frequency domain. The possible
degree of non-ergodicity is indicated by so-called ergodic-
ity score, ηQS , which shows that the observables oscillate
between two possible situations, i.e., being ergodic or be-
ing non-ergodic, with the modulation of τ . Moreover, for
this case, we discuss conditions on the system parameters
a and b, for which such transitions appear. For another
choice of across the phase driving scheme, where the ini-
tial state belongs to the ordered phase and the final state
belongs to the disordered phase, both the concurrence and
the quantum discord turn out to be ergodic for any arbi-
trary driving frequency. Noticeably, when the initial states
are chosen from ordered phase, i.e., a ≈ 0, bipartite entan-
glement completely vanishes only after few driving cycles,
although long-time quantum discord survives. Addition-
ally, we discuss possibilities of ergodic to non-ergodic tran-
sitions in frequency domain, when the system is repeatedly
driven within same phase. Surprisingly, the entanglement
and the quantum discord behave differently in the entire
frequency range if the driving is conducted within the dis-
ordered phase. In this case, we find that the entanglement
remains ergodic for an arbitrary frequency of the square
pulse. However, there exist frequency windows, where the
quantum discord becomes non-ergodic.
Our work is relevant to current experimental set-ups
for studying Floquet dynamics, particularly via ultracold
atoms in optical lattice [47]. Many interesting directions
emerging from this work require independent attention.
Particularly, the discussion on possible connection between
Floquet band gap and peaks of the quantum correlations
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requires a rigorous study in order to achieve a better un-
derstanding. This is beyond the scope of the current work,
and detailed attention will be paid in our future works.
Other interesting questions exist. For example, how inde-
pendent are the features on the choice of driving protocol?
It will also be interesting to conduct analogous studies in
non-integrable models and higher dimensional systems.
8. Acknowledgments
We acknowledge Lev Vidmar for useful comments. We
thank Jhoanne Pedres Bong˜ol for careful reading and for
helping us with the editorial aspects of the manuscript. RP
acknowledges Science and Engineering Research Board,
Government of India, for the financial support through
Core Research Grant (Project File No. CRG/2018/004811).
DR acknowledges the Spanish Ministry MINECO (Na-
tional Plan 15 Grant: FISICATEAMO No. FIS2016-79508-
P, SEVERO OCHOA No. SEV-2015-0522, FPI), Euro-
pean Social Fund, Fundacio’ Cellex, Generalitat de Catalunya
(AGAUR Grant No. 2017 SGR 1341 and CERCA/Program),
ERC AdG OSYRIS, EU FETPRO QUIC, and the Na-
tional Science Centre, Poland-Symfonia Grant No. 2016/
20/W/ST4/00314.
Appendix A. Density matrix of the system
In order to study the microscopic quantum correla-
tions, we need to find the corresponding density matrix
of the system. The local density matrix of two-sites is
given in terms of the single-site magnetization and two-
site correlation functions as follows:
ρℓm(t) =
1
4
[
Iℓ ⊗ Im
+
∑
α=x,y,z
mαℓ (σ
α
ℓ ⊗ Im) +m
α
m(Iℓ ⊗ σ
α
m)
+
∑
α, β=x,y,z
tαβℓm(σ
α
ℓ ⊗ σ
α
m)
]
, (A.1)
where mαℓ = Tr[ρℓσ
α
ℓ ] is the magnetization of the i
th site
along the α-direction with corresponding single-site den-
sity matrix ρℓ =
1
2 (I+ ~m ·~σ), and t
αβ
ℓ,m = Tr[ρℓ,m(σ
α
ℓ ⊗σ
β
m)]
are the two-site spin-spin correlation functions given in
Appendix B. Note that we do not deal with symmetry
broken ground state of the system in this work. Here the
initial states are thermal states. Therefore, in the two-site
density matrix, Eq. A.1, mx and my are identically zero as
also discussed in Refs. [22, 48]. For a model with Z2 sym-
metry broken ground state, on the other hand, it is known
that the above two components of the magnetization will
be non-zero [51, 52]. Moreover, translation symmetry of
the system guarantees that mαℓ = m
α
m. Here I is the iden-
tity matrix in the Hilbert space of the single-site density
matrix. In Appendix B, we provide expressions for vari-
ous correlators as a function of initial, final magnetic field
and the temperature. These correlators can be used for
constructing the two-site density matrices.
Appendix B. Floquet Hamiltonian and Correla-
tion functions
In this Appendix, we outline the essential steps for ob-
taining the effective Floquet Hamiltonian and time-dependent
spin-spin correlators in the XY Hamiltonian (see Eq. (1)).
We follow the route provided in reference [48].
Momentum space representation: The first step is to
write the lattice Hamiltonian, given in Eq. (1), in k-space.
We define the ladder operators, i.e., the raising, a†i , and
lowering, ai, operators in terms of the spin operators as
σxi = ai + a
†
i ; σ
y
i = −i(a
†
i − ai); σ
z
i = 2a
†
iai − 1.(B.1)
The operators aj and a
†
j are further written in terms of
Fermi operators bj and b
†
j using the Jordan-Wigner trans-
formation as
aj = exp(−iπ
j−1∑
ℓ=1
b†ℓbℓ)bj ; a
†
j = b
†
j exp(iπ
j−1∑
ℓ=1
b†ℓbℓ).
(B.2)
The next step is to Fourier transform the Fermi operators
bj and b
†
j as:
bj(b
†
j) =
1
N
k=N/2∑
k=−N/2
exp[∓ijφk]ck(c
†
k). (B.3)
where φk =
2πk
N . Using Eq. (B.1-B.3) and related alge-
bra on Eq. (1), one can obtain the Hamiltonian H(t) =∑N/2
k=1 H˜k(t), where H˜k(t) is the Hamiltonian of the k
th
subspace given by
H˜k(t) =
1
2
[α(t)(c†kck+c
†
−kc−k)+iδk(c
†
kc
†
−k+ckc−k)+2h(t)],
(B.4)
where α(t) = 2[cosφk − h(t)], δk = −2γ sinφk, and c
†
k and
ck are the fermionic creation and annihilation operators in
momentum space. In the chosen basis of the kth subspace
{ |0, 0〉, |k,−k〉, |k, 0〉, |0,−k〉}, H˜k(t) can be expressed as
a 4× 4 matrix:
H˜k(t) =


h(t) − iδk2 0 0
iδk
2 2 cosφk − h(t) 0 0
0 0 cosφk 0
0 0 0 cosφk

 .
(B.5)
Floquet Hamiltonian: The dynamics of the system un-
der the periodic driving protocol described in Eq. (2) is
monitored via effective Floquet Hamiltonian. Noticing
that the non-trivial contribution in system dynamics is
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originated from the reduced Hilbert space spanned by the
basis |0, 0〉 and |k,−k〉, it is sufficient to consider corre-
sponding 2 × 2 block of H˜k(t), which can be expanded in
terms of the Pauli matrices as
Hk(t) = c0(k, t)I2×2 + c1(k)σy + c2(k, t)σz , (B.6)
where c0(k, t), c1(k), and c2(k, t) are coefficients of the
expansion defined as c0(k, t) = cosφk, c1(k) = γ sinφk,
and c2(k, t) = − cosφk + h(t). We start the dynamics by
assuming that the system is initially in a thermal equilib-
rium state (for all t ≤ 0). The corresponding equilibrium
density matrix of the kth subspace is given by
ρk(0) = exp[−βH˜k(0)], (B.7)
where H˜k(0) is obtained by substituting t = 0 in Eq. (B.5).
Now we consider the periodic driving via external magnetic
field h(t) given in Eq. (2). The evolved state of the kth
subspace after one complete driving period τ is given by
ρk(τ) = Uk(τ)ρk(0)U
†
k(τ). (B.8)
The unitary operator in one complete time period τ is
given by the time-order product of unitaries for each half-
cycles:
Uk(τ, a, b) = exp
[
−iHk(b)
τ
2
]
exp
[
−iHk(a)
τ
2
]
= exp[−iHk,F τ ], (B.9)
whereHk(a) = ~σ.~ǫk(a) = |~ǫk(a)|~σ.nˆk(a);Hk(b) = ~σ.~ǫk(b) =
|~ǫk(b)|~σ.nˆk(b). Here nˆk(a) =
~ǫk(a)
|~ǫk(a)|
. The components
of ~ǫk(a) are given by ~ǫk(a) = (0, c1(k), c2(k, a)) where
c2(k, a) = −
1
2 (2 cosφk − a). nˆk(b) and its components
are defined similarly. The effective Floquet Hamiltoanin,
Hk,F , can also be written as Hk,F = ~σ.~ǫk,F = |~ǫk,F |~σ.nˆk,F ,
where nˆk,F =
~ǫk,F
|~ǫk,F |
. The quasi-energies are obtained as
|~ǫk,F | =
1
τ
Arccos[cos(|~ǫk(b)|
τ
2
) cos(|~ǫk(a)|
τ
2
)]
− nˆk(a).nˆk(b) sin(|~ǫk(b)|
τ
2
) sin(|~ǫk(a)|
τ
2
),
(B.10)
and the nˆk,F is given by
nˆk,F =
nˆk(b)
Nk
sin(|~ǫk(b)|
τ
2
) cos(|~ǫk(a)|
τ
2
)
+
nˆk(a)
Nk
sin(|~ǫk(a)|
τ
2
) cos(|~ǫk(b)|
τ
2
)
−
nˆk(b)× nˆk(a)
Nk
sin(|~ǫk(b)|
τ
2
) sin(|~ǫk(a)|
τ
2
),
(B.11)
where Nk = |~ǫk,F |
√
1− cos2(|~ǫk,F |). Once the Floquet
Hamiltonian is obtained, the state of the system after n
driving cycle is simply given by
ρk(nτ) = exp[inHk,F τ ]ρk(0) exp[−inHk,F τ ]. (B.12)
Spin-spin correlators: We now proceed to the deriva-
tion of the averagemagnetization,mz(nτ) = 1N
N∑
j=1
〈σzj 〉ρ(nτ),
and spin-spin correlators, tαβi,j (nτ) = 〈σ
α
i σ
β
j 〉ρ(nτ), where
the averages are performed on the time-dependent state
ρ(nτ). It is shown in [48] that the spin-spin correlation
functions can be expressed in terms of fermionic operators
A′s and B′s, where Aℓ = c
†
ℓ + cℓ and Bℓ = c
†
ℓ − cℓ. Fol-
lowing this procedure for the case of periodic driving, it is
straight forward to write tαβi,j (nτ) as
txxℓ,ℓ+1(nτ) = 〈BℓAℓ+1〉ρ(nτ)
tyyℓ,ℓ+1(nτ) = −〈AℓBℓ+1〉ρ(nτ)
tzzℓ,ℓ+1(nτ) = 〈AℓBℓ+1〉ρ(nτ),
txyℓ,ℓ+1(nτ) = −i〈BℓBℓ+1〉ρ(nτ). (B.13)
A further decomposition of the product of four fermionic
operators of the form 〈AℓBℓAmBm〉 via Wick’s theorem
eventually allows one to work with terms formed by the
product of only two fermionic operators. In order to calcu-
late the two-site correlators, we defineGℓ,m(nτ) = 〈BℓAm〉ρ(nτ),
G′ℓ,m(nτ) = 〈AℓBm〉ρ(nτ), Qℓ,m(nτ) = 〈AℓAm〉ρ(nτ), and
Sℓ,m(nτ) = 〈BℓBm〉ρ(nτ). Utilizing the definition of Aℓ
and Bℓ, we obtain
Gℓ,ℓ+1(nτ) =
1
N
N/2∑
k=1
(−2i sin(φk))Tr[X
k
K′ρk(nτ)]
+
1
N
N/2∑
k=1
(2 cos(φk))Tr[m
k
zρk(nτ)],
(B.14)
G′ℓ,ℓ+1(nτ) =
1
N
N/2∑
k=1
(−2i sin(φk))Tr[X
k
K′ρk(nτ)]
−
1
N
N/2∑
k=1
(2 cos(φk))Tr[m
k
zρk(nτ)],
(B.15)
Qℓ,ℓ+1(nτ) =
1
N
N/2∑
k=1
(−2i sin(φk))Tr[X
k
Kρk(nτ)]
+
1
N
N/2∑
k=1
2 cos(φk), (B.16)
Sℓ,ℓ+1(nτ) =
1
N
N/2∑
k=1
(−2i sin(φk))Tr[X
k
Kρk(nτ)]
−
1
N
N/2∑
k=1
2 cos(φk), (B.17)
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where XkK = c
†
kc
†
−k − ckc−k, X
k
K′ = c
†
kc
†
−k + ckc−k, and
mkz = c
†
kck + c
†
−kc−k − 1. Note that in the thermody-
namic limit, N → ∞, the summations in Eqs. (B.14-
B.17) can be replaced via integrals: 1N
N/2∑
k=1
→ 12π
∫ π
0 dφ.
From the expressions given in Eqs. (B.14-B.17), single-
site and two-site quantities, required for constructing the
two-body density matrices (see Eq. (A.1)), can be cal-
culated. For example, the average magnetization mz(τ)
can be obtain from Gℓ,m(nτ) as m
z(nτ) = 12Gℓ,ℓ(nτ).
For the nearest neighbor sites (ℓ, ℓ + 1), the correlators
are obtained as txxℓ,ℓ+1(nτ) = Gℓ,ℓ+1(nτ); t
yy
ℓ,ℓ+1(nτ) =
−G′ℓ,ℓ+1(nτ); t
zz
ℓ,ℓ+1(nτ) = m
2
z(nτ)+G
′
ℓ,ℓ+1(nτ)Gℓ,ℓ+1(nτ)−
Qℓ,ℓ+1(nτ)Sℓ,ℓ+1(nτ); t
xy
ℓ,ℓ+1(nτ) = −Qℓ,ℓ+1(nτ). Once
the correlators after n driving cycles are obtained, one can
take the limit n→∞ in order to obtain steady-state two-
site density matrix ρ12(∞).
Appendix C. Quantum correlation measures
Here we provide the definitions for the quantum cor-
relation measures – concurrence [9], as entanglement sep-
arability measure, and quantum discord, as information
theoretic kind quantum correlation measure.
Concurrence: Concurrence is a well known computable
measure of entanglement of a bipartite quantum state in
C2 ⊗ C2. If ρAB denotes an arbitrary two-qubit quan-
tum state, then its concurrence is given by C(ρAB) =
max{0, λ1 − λ2 − λ3 − λ4}, where λ’s are square roots
of the eigenvalues of ρ˜ABρAB in descending order with
ρ˜AB = (σy⊗σy)ρ∗AB(σy⊗σy). Here σ
y is the Pauli matrix
and ρ∗AB is the complex conjugate of ρAB in the same ba-
sis. Concurrence vanishes for separable states and attains
unity for maximally entangled states. In the figures label-
ing, we have denoted concurrence by C ≡ C(ρAB).
Quantum Discord : Quantum discord is a measure of
quantum correlations beyond entanglement [2, 10, 53]. It
utilizes the fact that the two equivalent definitions of the
mutual information in terms of the classical probabilities
are not same when their natural extensions are considered
within quantum theory. The mutual information of the
quantum state ρAB given by I = S(ρA)+S(ρB)−S(ρAB)
defines total correlation of the state. Here S(ρA), S(ρB),
and S(ρAB) are the von Neumann entropies defined as
S(̺) = −Tr(̺ log2 ̺). The quantity I can be interpreted
as the amount of information shared by the two parties in
a quantum state ρAB.
The second quantum version of mutual information is
given by J = S(ρA) − S(ρA|B), where S(ρA|B) is the
conditional entropy, S(ρA|B) = min{Bi}
∑
i piS(ρA|i) and
the measurement is performed on subsystem B (in a sim-
ilar way it can be defined for measurement on subsystem
A). The measurement operators, {Bi}, are rank-1 pro-
jective operators and pi’s are the probabilities obtained
after the measurements on subsystem B. The measured
state and the probability of output state are given by
ρA|i =
1
p i
TrB[(IA⊗Bi)ρAB(IA⊗Bi)] and pi = TrAB[(IA⊗
Bi)ρAB(IA ⊗ Bi)], respectively. We note that, in gen-
eral, the minimization should be carried over all possible
positive-operator valued measures (POVMs) in the defini-
tion of the quantum discord. However, it has been estab-
lished that it is sufficient to consider only rank-1 projective
measurements in most cases.
Once we have I and J , the quantum discord is de-
fined as D = I −J , i.e., D = S(ρB)− S(ρAB) + S(ρA|B).
Note that quantum discord reduces to the von Neumann
entropy of the reduced state for pure bipartite states.
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